Supermassive black hole binaries (SMBHBs) produced in galaxy mergers are thought to complete their coalescence, at separations r ∼ < r GW ≈ 10 −3 (M BH /10 8 M ⊙ ) 3/4 pc, as their orbit decays due to the emission of gravitational waves (GWs). Here we propose that it may be possible to identify such GW-driven inspirals statistically in a deep electromagnetic (EM) survey for variable sources, before the Laser Interferometric Space Antenna (LISA) detects the GWs directly. A purely GW-driven binary spends a characteristic time T GW at each orbital separation r orb < r GW that scales with the corresponding orbital time t orb as T GW ∝ t 8/3 orb . If the coalescing binary perturbs the ambient gas and produces variations in the EM emission on this timescale, then it could be identified as a variable source with a characteristic period t var ≈ t orb . The incidence rate of sources that have similar inferred BH masses, and show near-periodic variability on the time-scale t var , would then be ∝ t 8/3 var . Luminosity variations corresponding to a fraction f Edd ∼ < 0.01 of the Eddington luminosity would have not been found in existing variability surveys. However, under the assumption that the binary inspirals are associated with quasar activity, we show that a dedicated survey, possibly with existing instruments, could detect the population of SMBHBs with a range of periods around tens of weeks. The discovery of a population of periodic sources whose abundance obeys N var ∝ t 8/3 var would confirm (i) that the orbital decay is indeed driven by GWs, and (ii) also that circumbinary gas is present at small orbital radii and is being perturbed by the BHs. Deviations from the t 8/3 var power-law, on the other hand, could constrain the structure of the circumbinary gas disk and viscosity-driven orbital decay. We discuss some constraints already available from existing data, and quantify the sensitivity and sky coverage that could yield a positive detection in future surveys.
INTRODUCTION
The anticipated detection by the future Laser Interferometric Space Antenna (LISA) of gravitational waves (GWs) emitted during the coalescence of supermassive black holes (SMBHs) in the mass range ∼ (10 4 -10 7 ) M ⊙ /(1 + z) will constitute a milestone for fundamental physics and astrophysics. While the GW signatures themselves are a rich source of information (see, e.g. Hughes 2007 , for a recent review), if the GW source produces electromagnetic (EM) radiation, and if the object can be securely identified in EM bands, this would open up entirely new scientific opportunities. The simultaneous study of photons and gravitons from the same source could probe fundamental aspects of gravitational physics (e.g. Kocsis et al. 2007b; Deffayet & Menou 2007) . The GW sources can also be used as self-calibrated standard sirens (Schutz 1986) , and cosmological parameters can be inferred accurately if the source redshift is known (e.g. Holz & Hughes 2005; Kocsis et al. 2006) . 1 Finally, for many events in the above mass and redshift range, LISA will be able to measure the masses and spin vectors of the SMBHs, their orbital parameters, and their luminosity distance, to a precision unprecedented in any other type of astronomical observation (e.g. Vecchio 2004; Lang & Hughes 2006) . If an EM counterpart is known, then the Eddington ratios, other attributes of black hole accretion physics, and the evolution of these quantities in the context of hierarchical structure for- 1 An interesting alternative possibility is to identify EM counterparts only statistically (MacLeod & Hogan 2007) . mation, can be studied in exquisite detail (Kocsis et al. 2006 (Kocsis et al. , 2007b .
Motivated by the above possibilities, several recent studies have addressed the question of whether finding a counterpart will be feasible (Holz & Hughes 2005; Kocsis et al. 2006 Kocsis et al. , 2007a Lang & Hughes 2007) . The crucial uncertainty, of course, is the nature (luminosity, spectrum, and time-evolution) of any EM emission produced by coalescing SMBHBs during, or immediately following the GWinspiral stage. Such emission would likely be related to gas accreting onto the coalescing SMBHs. Provided this accretion is not supply-limited, bright emission, approaching the Eddington luminosity, could be produced. A few additional arguments favor this scenario: galaxy mergers in hierarchical scenarios of structure formation are expected to deliver a significant amount of gas to the central regions of the merging galaxies (Barnes & Hernquist 1992) , and this gas may play a catalyst role in driving SMBH coalescence (Begelman, Blandford, & Rees 1980; Gould & Rix 2000; Escala et al. 2004) . Direct X-ray observations of an active binary nucleus (Komossa et al. 2003 ) may already show a SMBH binary in this process, caught at a separation of ∼ 1kpc. A radio galaxy is also known to have a double core with a projected separation of ∼ 10 pc (Rodriguez et al. 2006) , and several other observations of radio galaxies, such as the wiggled shape of jets indicating precession (e.g. Roos, Kaastra & Hummel 1993) , the X-shaped morphologies of radio lobes (e.g. Merritt & Ekers 2002; Liu 2004) , the interruption and recurrence of activity in double-double ra-dio galaxies (e.g. Schoenmakers 2000; Liu, Wu & Cao 2003) , and the elliptical motion of the unresolved core of 3C66B (Sudou et al. 2003 , although the lack of any modulation in arrival times for radio pulsars suggests a different origin for this motion; see below) have all been interpreted as indirect evidence for SMBH binaries down to sub-pc scales.
Quite generally, the dense gas around the BH may cool rapidly and settle into a rotationally supported, circumbinary disk (e.g. Barnes 2002; Escala et al. 2005) . In a thin disk, the torques from the binary create a central cavity, nearly devoid of gas, within a region about twice the orbital separation (for a nearly equal-mass binary, e.g. Artymowicz & Lubow 1994) , or a narrower gap around the orbit of the lower-mass BH in the case of unequal masses q ≡ M 1 /M 2 ≪ 1 (e.g. Armitage & Natarajan 2002) . In the latter case, the lower-mass hole "ushers" the gas inward as its orbit decays, producing a prompt and luminous signal during coalescence. In the former case, residual gas flow into the cavity and onto the BHs may produce only weaker EM emission.
2 Finally, SMBHBs recoil at the time of their coalescence due to the emission of gravitational waves (GWs; Blanchet, Qusailah & Will 2005 ). The gas disk will respond promptly (on the local orbital timescale) to such a kick, which may produce shocks, and transient EM emission, after coalescence (Lippai, Frei & Haiman 2008a; Schnittman & Krolik 2008; Shields & Bonning 2008) . The kick, however, can begin building up during the late inspiral phase , possibly resulting in some emission even before the final coalescence. Prompt emission can also be produced by viscous heating of the disk by the GWs themselves (Kocsis & Loeb 2008) .
The complex processes involved in ultimately producing any EM emission remain poorly understood, and the level of the luminosity produced is therefore uncertain. However, any emission during the inspiral stage is likely to be variable. A recent numerical simulation of an equal-mass binary on parsec scales (MacFadyen & Milosavljević 2008) indeed finds that the circumbinary gas disk is perturbed by the rotating quadrupole potential of the binary. The rate of residual accretion across the edge of the cavity is also modulated, tracking the orbital period. GW-inspiral, and (ii) that the luminosity varies periodically on the orbital time-scale. As the orbit of each individual binary decays, its variability timescale decreases. Among sources with similar inferred BH masses, the observed incidence rate of periodic variability on the time-scale t var ∼ t orb , is then proportional to the time T ∝ r(dr/dt) −1 the sources spend at each orbital radius/timescale. In the GW-driven regime at small orbital separations ( ∼ < 10 3 Schwarzschild radii; see below),
In this paper, we explore the consequences of the assumptions that (i) non-negligible emission is produced as the binary orbit decays and its evolution becomes dominated by the
var . At larger separations, the viscous binary-disk interaction drives the binary evolution, and T = T vis ∝ t α var , where α is uncertain and depends on assumptions, but, in general, α ≪ 8/3, producing a significant flattening in T vs.t var (see below). At short periods, the inci-dence rate f var of periodically variable sources could therefore show a characteristic power-law dependence on t var indicative of a GW-driven evolution, whereas at longer periods, the dependence will flatten due to viscosity-driven evolution. We argue that long-duration future surveys, sensitive to periods of weeks to tens of weeks, could look for periodically variable sources, and identify a population of sources obeying well-defined scaling laws.
We quantify the requirements that such periodically variable sources be identifiable, based on their incidence rate, in an optical optical or X-ray survey. Luminosity variations at a fraction f Edd ∼ < 0.01 of the Eddington luminosity would correspond to a periodically varying flux component with amplitude ( f Edd /0.01)(M BH /3 × 10 7 M ⊙ )10 −15 erg s −1 cm −2 for BHBs at z = 2, or to i ≈ 26 + 2.5 log[( f Edd /0.01)(M BH /3 × 10 7 M ⊙ ) −1 ] magnitudes in the optical. We find that these periodic sources would have not been found in existing variability surveys. However, if the overall luminosity is indeed a non-negligible fraction of the binary's Eddington luminosity, a positive identification may become feasible in a future survey with existing or planned instruments.
The discovery of a population of such periodically variable sources would have several implications. The identification of a clear f var ∝ t 8/3 orb power-law would confirm that the orbital decay is indeed driven by GWs. This would amount to an indirect, statistical detection of GW-driven SMBHBs, even before LISA detects the GWs directly (a statistical analogue of the indirect GW detection from the Hulse-Taylor pulsar, Taylor & Weisberg 1982) . Such a detection would also confirm that circumbinary gas is present at small orbital radii and is being perturbed by the BHs -and would serve as a proof of concept for finding LISA electromagnetic counterparts. Alternatively, deviations from the pure GW-driven t 8/3 orb scaling will probe the physics of the circumbinary accretion disk and viscous orbital decay.
BINARY EVOLUTION
The basic picture adopted here is that the binary is embedded in a thin circumbinary disk, with the plane of the disk aligned with the binary's orbit (Bardeen & Peterson 1975; Ivanov, Papaloizou, & Polnarev 1999) . Initially, the orbital decay is dominated by viscous angular momentum exchange with the gas disk. However, since the viscous time-scale t visc ∝ r 2 /ν(r) (where ν(r) is the kinematic viscosity parameter that ranges between r −3/4 to r 3/2 for stationary accretion disks, see Appendix) whereas the timescale to decay due to gravitational radiation is t gr ∝ r 4 , in general, there exists a critical orbital radius r crit , below which the decay is dominated by gravitational radiation (Armitage & Natarajan 2002; Milosavljevic & Phinney 2005; Dotti et al. 2006) . Ivanov, Papaloizou, & Polnarev (1999) obtained a simple estimate for this critical radius, by modeling the non-resonant angular momentum exchange between the binary and the accretion disk, and comparing the disk luminosity to the energy loss due to GWs. This yields (see their equation 83)
where M 7 denotes the total BHB mass (M 1 + M 2 ) in units of 10
the symmetric mass ratio 3 , r S = 2GM/c 2 is the Schwarzschild radius, andṁ 0.1 is the disk mass accretion rateṀ in units of 1/10th of the Eddington rate for a radiative efficiency of 10 percent, i.e.ṁ 0.1 ≡Ṁ/(0.1Ṁ Edd ) withṀ Edd = L Edd /(0.1c 2 ). Note that this estimate assumes a circular orbit; for eccentric orbits, GWs probably start dominating the evolution at larger semi-major axis.
We also emphasize that the value of r crit is uncertain -disk models with different assumptions about viscosity and disk structure (i.e. radial profile, vertical scale-height, and radiative transfer properties), and different assumptions about the disk-binary interaction, predict different (and significantly smaller) critical radii; these variations are discussed in the Appendix below.
At the critical orbital radius predicted in equation (1) 
Note that in the last equation, t orb and t mg are in redshifted units (i.e. as observed on Earth). Equation (3) also assumes the leading-order (Newtonian) approximation for the orbital decay; higher-order corrections are negligible for the large binary separations considered here (see Figure 5 in Kocsis et al. 2007b) . At a fixed (M, q), t mg ∝ t 8/3 orb ; therefore t mg can equivalently be interpreted as the time the binary spends at an orbital timescale within 20% of t orb (since 1.19 8/3 − 0.81 8/3 ≈ 1). Generalizing from this power-law, we define T = T (t orb ) to represent the time the binary spends within 20% of each orbital period; in the GW-driven regime, we then have T = T GW ≡ t mg .
Before reaching the critical radius, the binary orbit decays primarily due to gas viscosity, so that T ≈ T vis < T GW (here again T vis is defined as the time the binary spends within ±20% of a given orbital period). In general, then, we have T ≈ min{T GW , T vis }. In addition to the value of the transition radius, the orbital decay rate due to viscosity, prior to the transition, also depends on the specific model for the gas disk and its viscosity, and the disk-binary interaction, all as functions of radius. A few such model variants are discussed in the Appendix, which predict a wide range of scalings, from T vis ∝ t 25/51 orb to t 14/15 orb for gas pressure dominated models (depending primarily on the mass ratio, and, to a lesser extent, on the choice of dominant opacity and whether viscosity is proportional to the total pressure or the gas pressure), and up to t 7/3 orb for radiation pressure dominated models. What is important for our purposes is that at separations r > r crit , the evolution, in general, is not dominated by GWs, and the dependence of T on t var is flatter than equation (3) predicts.
In Figure 1 we show the time T GW deduced from equation (3) for binaries with total redshifted mass (1 + z)M and 3 Note that Ivanov, Papaloizou, & Polnarev (1999) assume a configuration with q ≪ 1, but with the secondary still massive compared to the disk mass. Their expression should remain approximately valid for near-equal mass binaries with the substitutions we have made, i.e. we replaced q by qs/4, and the primary mass by the total mass M. See Appendix for more discussion.
FIG.
1.-The figure shows the time T GW that a binary BH, whose coalescence is driven by gravitational radiation, spends at a radius where the orbital time is within 20% of t orb . Both T GW and t orb are in redshifted units (as measured on Earth). Each of the shaded regions corresponds to a different total BH mass ([1 + z]Mtot = [10 5,6,7,8,9,10 ]M ⊙ ; top to bottom), and shows three different mass ratios (q = [1, 0.1, 0.01]; bottom to top, or solid, short-dashed, and long-dashed, respectively). The quantity on the y axis can be interpreted as the duty-cycle for each source during which it exhibits periodic variability on the time-scale tvar ≈ t orb . The thick (red) portion of the lines and the vertically shaded (red) areas indicate the orbital separations, for each mass, where binary evolution may no longer be dominated by GWs (see text). The slope of the arrows indicate the flatter evolution of the binary when it decays due to viscous torques: the flatter arrow corresponds to the slope T ∝ t 25/51 orb for near-equal mass binaries, and the slightly steeper arrow to T ∝ t 14/15 orb for q ≪ 1 (see Appendix for details). For reference, the x axis labels on the top show the orbital radius corresponding to each orbital time; for M = 10 7 M ⊙ (or M 7 = 1) and z = 0, the plotted range covers 1.6 × 10 −5 − 7.5 × 10 −3 pc, or 17-77,000 Schwarzschild radii. mass ratio q in the range 10 5−10 M ⊙ and 0.01 − 1, respectively. The thick (red) portions of the lines, and the regions shaded vertically (in red, in the upper half) in this figure indicate the regime, for each mass M, beyond which the binary evolution is no longer dominated by GWs, t orb > t orb,crit , corresponding to r > r crit in equation (1). The predictions that assume purely GW-driven evolution will break down in these regimes, and the binaries will decay more rapidly, generically resulting in a significant flattening at t orb > t orb,crit , in the time the binary spends at each t orb . To illustrate this flattening, the arrows in Figure 1 indicate the evolution of the binary when it decays due to viscous torques. The flatter arrow corresponds to T ∝ t 25/51 orb , relevant in the limit of "secondary-dominated" type II migration, and the slightly steeper arrow to T ∝ t 14/15 orb , relevant in the limit of "disk-dominated" type II migration (see Appendix for derivation and details).
In the rest of this paper, we will discuss further interpreting T ≈ min{T GW , T vis } as the duty-cycle for each source during which it exhibits periodic variability on the time-scale t var ≈ t orb . Our basic justification for this is the generic idea that quasars are activated in major mergers. Since SMBHs are believed to be common in galactic nuclei (at least at low redshifts z ∼ < 3; see Menou, Haiman & Narayanan 2001; Lippai, Frei & Haiman 2008b and references therein) there could then arguably be a one-to-one correspondence between the quasar phenomenon and GW-driven binary coalescences. Periodic variability associated with the GW-driven phase would then be present for only a fraction of the bright quasar emission stage of each individual object, as we next discuss.
PERIODIC VARIABILITY
We next assume that at some epoch during the GW-driven evolution, the binary produces a steady luminosityL Q (which evolves only on long time-scales ≫ t orb ), with roughly periodic fluctuations of amplitude ∆L Q and period t var = t orb about this steady mean luminosity.
An observational survey can attempt to find sources with such periodic variability. The total number of such sources will be ≈ T GWṄmg , whereṄ mg represents the merger rate between BHs within the survey volume (or more precisely, the activation rate of GW inspiral events). In general, the merger rate depends on redshift and on both BH masses, orṄ mg = N mg (z, M tot , q), and should include only those sources with a luminosity above the survey detection threshold. To account for the latter condition, the light-curve of each SMBHB, L Q = L Q (t, M tot , q) needs to be known (here t could, for example, refer to the look-back time before merger).
The merger rateṄ mg (z, M tot , q) can be modeled using the dark matter halo merger rate with a recipe of associating BHs with halos, and the light-curve L Q (t, M tot , q) can then be constrained by matching the observed quasar luminosity function (e.g. Kauffman & Haehnelt 1999) . However, a large range of such BH population models can fit the observational data (e.g. Menou, Haiman & Narayanan 2001; Lippai, Frei & Haiman 2008b) . To proceed, we instead make the simple assumption that each BH binary produces a constant mean luminosity ofL Q = f Edd L Edd ∝ f Edd M tot for a total duration t Q during its lifetime, where L Edd is the Eddington luminosity corresponding to the BH mass M tot , and f Edd is a constant. If we further assume that the merger process activates bright AGN activity, and the luminosityL Q corresponds to near-Eddington quasar emission, then reasonable fiducial values are f Edd ≈ 0.3 (Kollmeier et al. 2006) and t Q ≈ few × 10 7 yr (Martini 2004 ). Note, in particular, that the quasar lifetime t Q is known to be much shorter than the Hubble time, andṄ mg , which is likely determined by the galaxy merger rate, and proceeds on a cosmological time scale, can reasonably be assumed to be constant during t Q .
Note further that according to equation (1), the SMBHBs will enter the GW-inspiral phase at ∼ 10 3 r S , i.e. at orbital separations and time-scales that may be comparable to the assumed quasar lifetime, or even shorter, for q ≪ 1 (see Figure 1) . Of course, it is possible that the quasar phase occurs either before or after the GW-driven evolution -in either case, there would be no bright emission to observe during the GWinspiral (i.e. this would be inconsistent with the starting assumption that such emission can be produced during the inspiral). However, if the bright emission phase does include the GW-inspiral stages shown in Figure 1 , then the fraction of objects with luminosity L Q that display periodic variability on the time-scale t orb will simply be given by the ratio T GW /t Q ,
Note that this conclusion still holds if the quasar emission is intermittent; we require only that the quasar is "on" for the duration T GW when the binary orbital timescale is t orb . Also, this expression is independent of the merger rate, as long as the latter is constant during t Q ; one can furthermore associate N tot with the observed number of bright AGN. Of course, there are many complications over this simplified picture. First, the T GW ∝ t 8/3 orb scaling holds strictly only in the regime where any residual circumbinary gas has negligible impact on the orbital decay. This requirement may conflict with our assumption that the binary is producing bright emission during this stage. The main issue is: assuming there is sufficient circumbinary gas to produce non-negligible emission, is the T = T GW ∝ t 8/3 orb scaling necessarily modified, and if so, by how much ? Detailed models for the joint disk + binary evolution in the GW-driven regime are required to answer this question; conversely, the observations envisioned here will constrain such models. Second, in order for the emission to be periodically variable, the gas has to respond rapidly to the gravitational perturbations from the binary. The time-scale for this response is of order the local orbital time; variability on the orbital time-scale of the binary itself therefore requires gas close to the binary's orbital radius. Such gas could be present in the case of unequal masses (so that the torques are reduced), or if the disk remains thick, making it difficult for the binary to open and maintain a nearly empty central cavity. Simulations indeed show that when the circumbinary disk is sufficiently thick, mass can flow through their gap, and accrete onto the BHs; indeed such residual inflow has been invoked to explain the ∼12-yr periodic emission from the quasar OJ287 (Artymowicz & Lubow 1996) .
As Figure 1 shows, the time T GW = t Q = 10 7 yr also corresponds approximately to the critical orbital radius r crit ∼ 10 3 r S . It remains to be explained why a near-Eddington phase would be activated around the time the binary shrinks to this particular, small orbital separation. We note that quasar activity does appear to be rare at much larger separations ( ∼ > 100pc), indicating that the orbital decay of SMBHBs is very rapid, at least at the angular separations that can be resolved in observations (see Komossa et al. 2003 for the sole X-ray detection of an active binary quasar, with a binary separation of ∼ 1kpc).
The Eddington ratio of bright AGN is already known to have a significant scatter (∼ 0.3dex; Kollmeier et al. 2006) . The light-curve of the merging binary is also likely to evolve, rather than having a simple "tophat" shape. It is possible, in particular (e.g. Barger et al. 2005; Hopkins et al. 2005 ) that merging SMBHs spend a significantly longer time (∼ 10 9 yr) at lower luminosities, ( f Edd ≪ 1). This will complicate the interpretation of any observed variability (i.e., converting the N var /N tot at t var to T will require knowing the distribution of Eddington ratios). This, however, can be alleviated by considering only the relative abundance of periodically variable objects at different values of t var , instead of the absolute number of sources that show periodic variability. In this case, the only assumption required is that f Edd does not evolve significantly during the observed range of t orb -this should be reasonable over a factor of a ∼ few range in radii or t orb . Furthermore, even if there is a range of sources with different BH masses producing variability with the same period, Figure 1 shows that more massive BHBs will move much more quickly through a fixed t orb . Given that there are most likely fewer of the more massive BHBs to begin with, the set of all sources with the same t var will be heavily dominated by the lowest-mass BHBs, caught at their relevant orbital radius.
This still leaves the caveat, however, that the source is significantly sub-Eddington during the GW inspiral phase. In this case, the periodic GW sources will be harder to detect both because they are fainter, and also because they will also be rarer (among the long-lived and therefore more numerous, faint non-GW sources that have a similar luminosity).
Another caveat is that at fixed t orb and M tot , the distribution of q is unknown, and can depend on M tot . However, bright AGN activity is thought to be only activated in relatively major mergers. A smaller satellite galaxy, falling onto a larger central galaxy that is more than 10 times more massive, may not experience the torques needed to bring its gaseous nucleus, with the low-mass BH, near the center of the larger galaxy, for the BH-BH merger to take place (Hopkins et al. 2006) ; the dynamical friction time for small galaxies themselves can also be too long (e.g. Kauffman & Haehnelt 1999) , and/or the small satellites can be tidally stripped (e.g. Kazantzidis et al. 2005) . These arguments suggest that the q-distribution among binaries associated with quasars may not extend to low values below q ∼ 0.1. Figure 1 shows that the expected variability timescale can be in a suitable range for a statistical detection, with a duration of T GW ∼ > 10 4 yr over the range from t var ∼day to ∼yr. This suggests that such periodic sources may not be too rare.
REQUIREMENTS OF A VARIABILITY SEARCH
What will be the limitations for discovering the population of periodic sources (assuming they do exist as discussed above)? Clearly, there has to be a sufficient number of sources observed over a range of variability time-scales, and their brightness variations must be detectable. In addition, the variable light-curves have to be sampled well enough to confirm their periodic nature: this will be necessary to distinguish the GW inspiral sources from other types of variable objects. Besides discovering the periodic sources, the idea proposed here is to measure the dependence of N var on t var , ideally to use the N var ∝ t 8/3 var scaling to demonstrate that the periodic variability comes from perturbations by the orbital motion during the GW inspiral. For this, the survey also needs to cover at least a factor of several range in t var .
The above issues will place requirements on the (i) sensitivity and (ii) solid angle, as well as on the (iii) total duration and (iv) sampling rate for a survey. We can use the simple picture above to roughly delineate these requirements. For simplicity of discussion, let us assume that all sources are at z = 2. In reality, quasars (and therefore major BH mergers) have a broad distribution with a peak around this redshift; clearly this will have to be taken into account in designing an actual survey. For simplicity, let us also fix the mass ratio q = 1. In reality, there should be a distribution of values, perhaps in the range 0.1 ∼ < q ≤ 1, for the mergers that activate bright quasar activity (Hopkins et al. 2006 ). This would not significantly affect our conclusions, unless q extends well below 0.1.
Imagine a survey with a sensitivity that corresponds to detecting the periodic variability of BHBs with a mass M min at z = 2, covering a solid angle ∆Ω. (A real survey, of course, will have a completeness for variability detection that is not a step function). Let us assume that the variable flux corresponds to a fraction f var of the steady mean luminosity, ∆L Q = f var f EddLQ . If the survey volume contains a total of N tot BHBs with the luminosity f EddLQ , then the periodic variable fraction, T GW /t Q , can be determined down to the smallest value ≈ N −1 tot (i.e. to find at least one periodic source). Fixing the values of f var f Edd and t Q (as well as z and q), this corresponds to a minimum variability time-scale t orb,min that can be probed. Let us define the requirement that this minimum is t orb,min ≤ 20 weeks. Assuming that the longest variability time-scale of interest is around t orb,max ∼ 1 year (so that the periodic nature of the variations can be convincingly demonstrated over a multi-year survey), this will offer a factor of three range in t orb for mapping out the N var vs.t var dependence (i.e., with the pure GW-driven scaling N var ∝ t 8/3 var , the same survey volume would contain ≈ 20 sources with a similar luminosity but with a t var = 60 week period). To fix some numbers, let us set f Edd = 0.3, f var = 0.1, and t Q = 10 7 yr. For reference, the Eddington luminosity of a 3 × 10 6 M ⊙ BHB at z = 2, assuming a ∼ 10% bolometric correction, corresponds to an optical magnitude of ≈24mag (in the i band). In Figure 2 , the middle solid (black) curve shows the sky coverage required to find at least one periodic source, with a period of 20 weeks, as a function of the i-band magnitude limit for the variable component. This curve was computed using the fitting formula by Hopkins et al. (2007) for the bolometric quasar LF, and assuming a width ∆z = 1 when computing the total number N tot of quasars that would be detected in the survey. Note that the quasar LF is almost a pure power law up to M bh ≈ 10 9 M ⊙ . The top pair of solid (blue) curves show variations when either f var or f Edd is decreased by a factor of 10 (to 0.03 or 0.01, upper and lower of the pair, respectively). Note that the survey volume requirement is more sensitive to f var (whereas the critical BH mass is equally sensitive to either). Similarly, the bottom pair of (red) solid curves show variations when either f var or f Edd is increased by a factor of 10. Each dashed curve shows the corresponding mass of the BHB of which there would be a single example of a t var = 20-week periodic variable in the survey (BH masses are labeled on the right y-axis).
The curves in Figure 2 are only weakly sensitive to q, but the required survey volume shifts linearly with the assumed total quasar lifetime t Q . For small limiting BH masses (M min < [(60/19.8) 8/5 /(1 + z)] × 10 6 M ⊙ ≈ 2 × 10 6 M ⊙ ), the duty cycle becomes unity at t var < 60 weeks; in this case, we lower the required t orb,min below 20 weeks, so that there is a factor of 3 range in t orb values with N var /N tot ≤ 1. The flattening in the middle/lower solid curves at i ≈ 28 and i ≈ 26 is caused by this additional requirement.
We conclude that, for example, a 1 sq. degree survey, detecting all sources with a variability to 25.7mag, with sufficient sampling and duration to cover periods of 20-60 weeks, represents an example for the minimum specification for the survey parameters (i)-(iv). In this example, the mass of the BHs being detected is ∼ 2 × 10 7 M ⊙ . Figure 1 shows that at orbital periods of 20-60 weeks, these BHs are in the GWdriven regime when q ∼ 1, but may be in the viscosity-driven regime for q ≪ 1. Figure 2 also shows that there is a clear trade-off between survey depth and area: the required sky coverage scales with the survey flux limit approximately as ∆Ω ∝ F −2 (with a steepening for shallower surveys with limiting magnitudes i ∼ < 22). If we knew where to look (i.e., if LISA delivers a candidate for an on-going merger), it would be possible to perform a deep, targeted observation for variability on short timescales; between several minutes up to ∼ 10 hours within the last ∼ month of merger (this possibility is discussed in detail in Kocsis et al. 2007b ). However, each source will spend only a ∼month at such short variability time-scale, and a random search, in the absence of a preferred direction on the sky, would then have to monitor > 10 8 (t Q /10 7 yr) AGN to find a single example of a periodic source. The slow decrease in the period (which would be a smoking gun for GW-inspiral) will, unfortunately, not be observable in real time for individual objects in any realistic pre-LISA survey.
CONSTRAINTS FROM EXISTING AND FUTURE DATA
Existing observations from radio to X-ray bands have shown that the luminosity of quasars and other active galactic nuclei varies on time-scales from hours to several years (see, e.g., the articles in Gaskell et al. 2006 or the recent review by Fan 2005) . In fact, variability often aids in the identification of AGN (and may conversely be a major obstacle in identifying the periodic signal proposed here). While variability is detected in a large fraction of all AGN, there are only a handful of sources that show periodic variability on long ( ∼ > weeks) time-scales. Examples include a handful of blazars, whose historical light-curves show periodic outbursts on timescales of a year to a decade, or even longer (see, e.g., Sillanpää et al. 1988; Liu, Xie & Bai 1995; Liu, Liu & Xie 1997; Raiteri et al. 2001; Qian et al. 2007; Tao et al. 2008 , and references in these papers, for individual objects). Neugebauer & Matthews (1999) monitored 25 low-redshift, optically selected quasars for variability over several decades in infrared bands. They identified one object, the radio-loud quasar PG 1535+547, whose structure function shows a periodic component with a period of ∼ 10 yr. This source has a bolometric luminosity of L bol = 10 13.44 L ⊙ , implying a BH mass of ∼ 3 × 10 9 ( f Edd /0.3) −1 M ⊙ ; Figure 1 shows that ∼ 10% of BH binaries with this mass may exhibit a 10-year period. This is roughly consistent with the identification of one such object, although there are only 4 objects in the sample studied by Neugebauer & Matthews (1999) with luminosities above L bol = 10 13 L ⊙ , prohibiting robust conclusions.
A recent deep Subaru survey (Morokuma et al. 2008a,b) for variable objects provides interesting constraints on the scenario envisioned here. The completeness function in this survey, defined as the probability to detect an object with a variable component i, goes from unity to zero between i ≈ 21 to i ≈ 25.5 (see Fig. 11 in Morokuma et al. 2008a ). Larger-area variability surveys, such as the SDSS, are significantly shallower, and detect variability down to only i ≈ 20 mag (Vanden Berk et al. 2004) , and they would have missed the periodic variations discussed above. In the fiducial case with f Edd = 0.3 and f var = 0.1, the hypothetical one square degree survey with the limiting variability magnitude i = 25.7, lying on the middle solid (black) curve in Figure 2 , would contain ≈ 1, 000 AGN, of which ∼ 1, 20, 200 would vary with periods of 20 weeks, 60 weeks, and 1000 days. Figure 12 in Morokuma et al. (2008b) shows that they found sources that varied, at least once in their life, on all of these timescales. Unfortunately, we do not know whether these sources are periodic or not, and therefore the Subaru survey results represent only an upper limit on the fraction of periodic sources. This would suggest that during the GW inspiral stage, the BHs at the limit of the survey (with M bh = 2 × 10 7 M ⊙ with our fiducial parameters) can only produce variability at the level of ∼ < 0.03L Edd . However, this conclusion has to be modified to account for the (in)completeness in the Subaru survey. Figure  11 in Morokuma et al. (2008a) shows that the search would only detect ∼ 50% of the variable sources with variable component i = 23. The lowest set of curves in Figure 2 then predicts 1-100 variable sources with t var = 200 − 1000 days; i.e. we conclude that the upper limit on the periodic amplitude from this survey is ∼ 0.3L Edd .
The ultra-deep Hubble Space Telescope (HST) variability surveys (see, e.g., the recent review by Sarajedini 2008 , and references therein) discovered galaxies whose nuclei varied by magnitudes down to V ≈ 27.5. The observations were taken a year apart in the Hubble Deep Field North (HDFN) and the Groth Survey Strip (GSS), whose areas are ∼ 3 × 10 −3 and ∼ 0.1 sq. degrees, respectively. While the solid angle of the HDFN dataset is too small to yield useful constraints, the fiducial case with f Edd = 0.3 and f var = 0.1 in Figure 2 shows that the GSS dataset just reaches the sensitivity/area combination of ∼ 27 mag and ∼ 0.1 sq. degrees required to find flux variations from M bh ∼ 10 7 M ⊙ SMBHBs. Approximately 4.5% of AGN were found to vary by magnitudes down to V ≈ 27 in this dataset (see Sarajedini et al. 2006 , for more details), suggesting that ∼ < 5% of AGN containing SMBHBs with this mass can produce variability at the ∼ 0.03L Edd level.
AGN are also known to vary on long times-scales in Xray bands. Systematic and unbiased variability surveys sensitive to times-scales of weeks, such as those in soft X-rays in the ROSAT all sky survey (Fuhrmeister & Schmitt 2003) or in hard X-rays in Swift/BAT data (Beckmann et al. 2007 ) however, have been restricted to the brightest AGN, while deeper surveys targeting individual objects have only monitored a handful of sources (e.g. Markowitz & Edelson 2001) . The results of Beckmann et al. (2007) suggest that absorbed sources vary more than unabsorbed ones, which may be particularly relevant for finding the periodic SMBH binary sources envisioned here, which are undergoing the last stages of their merger, and may be heavily obscured and visible primarily in X-ray bands. In the 9-month duration observations covered by Swift/BAT data, Beckmann et al. (2007) find a strong anti-correlation between luminosity and variability (with no source with luminosity L X > 5 × 10 43 erg s −1 showing significant variability); this would be consistent with the more massive SMBHBs spending much less time at each t orb .
While the deep existing optical surveys come close to placing useful constraints on the scenario envisioned here, future surveys, designed to uncover source populations with periodic variations on times-scales of tens of weeks, should be able to either discover these populations, or place stringent limits on their existence. Many large optical/IR surveys are being planned or built, motivated largely by finding type Ia supernovae (SNe) for cosmological studies (see, e.g., Stubbs 2008 , for a recent review). The most ambitious of these, such as LSST and Pan-STARRS-4 4 will be all-sky surveys, and should be able detect variability to 26 − 27mag, allowing detections well beyond the most pessimistic case shown in Figure 2 . The proposed ALPACA survey (Corasaniti et al. 2006 ) will cover 1,000 sq. degrees to 23-25 mag in 5 optical bands, and would already reach the sensitivity/area combination probing this scenario.
Finally, we note that if periodic AGN are indeed identified in future optical surveys, then there could be several other methods to prove or disprove the hypothesis that they arise from SMBH binaries. For example, the GWs would induce periodic modulations in the arrival times of pulses from background radio pulsars; at 200ns timing sensitivity, these modulations would be detectable from SMBHBs out to a distance of ∼ 20Mpc (Jenet et al. 2004 , note that this study already applies the idea to the source 3C66B mentioned in § 1, whose elliptical motion was interpreted as due to a SMBHBs, and rules out the SMBHB hypothesis). The orbital motion of the binary may also cause relative shifts between the narrow and broad emission lines, whose magnitude may be of order the orbital velocity (v ∼ 6, 000 km/s at ∼ 1, 000 Schwarzschild radii), which could be detectable either in individual objects, or else statistically for the population.
CONCLUSIONS
In this paper, we argued that future surveys in optical and X-ray bands, which can be sensitive to periodic variations in the emission from ∼ 10 7 − 10 9 M ⊙ supermassive black hole binaries, on timescales of t var ∼ tens of weeks, at the level of ∼ 1% of the Eddington luminosity, should look for a population of such sources, with the aim of determining the fraction f var of sources, at a given redshift and luminosity, as a function of t var . In simplified models for the binary-disk interaction, this time-scale of tens of weeks corresponds to the orbital time when these binaries make their transition between two evolutionary regime: at larger radii, the evolution may be dominated by viscous transfer of orbital angular momentum, whereas at smaller orbital radii, the orbit may decay primarily due to the emission of gravitational radiation. In particular, in the latter regime, for sources with similar inferred redshifted BH masses, gravitational radiation predicts the scaling f var ∝ t 8/3
var . The discovery of a population of periodic sources whose abundance obeys this scaling would confirm that the orbital decay is indeed driven by GWs, and also that circumbinary gas is present at small orbital radii and is being perturbed by the BHs. Deviations from the t 8/3 var power-law could constrain the structure of the circumbinary gas disk and viscosity-driven orbital decay.
There is certainly a possibility that the periodic sources envisioned here do not exist (e.g., because the SMBH binary does not produce bright and variable emission during its GWemitting stage, at orbital separations of ∼ 10 3 Schwarzschild radii). Nevertheless, we argued that existing surveys already approach the required combination of sky coverage and depth, and future surveys, designed to make observations for several years, with a sampling rate of a few days, could yield a positive detection and identify periodic source populations. This would bring rich scientific rewards, possibly including the indirect detection of gravitational waves, driving the orbital decay of these sources.
ZH thanks George Djorgovski and Michael Strauss for stimulating and helpful discussions, and Mamoru Doi and Tomoki Morokuma for sharing their Subaru variability search results prior to publication, which inspired this paper. We also thank Zsolt Frei and David Hogg for useful comments, and Chris Stubbs for advice on optical variability surveys. In this Appendix, we summarize the equations describing the evolution of a SMBH binary when the orbital decay is driven by viscous angular momentum exchange with a circumbinary disk. We make several general simplifying assumptions: the circumbinary gas is assumed to form a standard geometrically thin, optically thick, radiatively efficient, steady-state accretion disk (Shakura & Sunyaev 1973) . For all of our models we assume zero eccentricity for both the binary and the disk (justified by Dotti et al. 2006 , however see, Armitage & Natarajan 2005; MacFadyen & Milosavljević 2008; Dotti et al. 2008) , assume coplanarity between the disk and the binary (Bardeen & Peterson 1975; Ivanov, Papaloizou, & Polnarev 1999) , and consider cases both with and without a gap opening. All of these assumptions may fail in the last stages of the merger (before GW-driven decay begins). However, under these assumptions, the disk structure and the orbital decay have simple power-law solutions, with the power-law indices depending on various choices for the underlying physics. These solutions are useful to describe the possible evolution of the binary, and to illustrate the point that the decay rate is generically a flatter function of t orb than the T GW ∝ t 8/3 orb behavior in the GW-driven case. Note that our aim here is not to provide accurate solutions for the co-evolution of the SMBH binary and circumbinary disk, only gross scaling laws in various regimes, as our main point is that these regimes and associated uncertainties, which are large, can in principle be probed observationally. NOTATION We adopt the following notation throughout the Appendix (in some cases different from the main text). We refer the reader to Shapiro & Teukolsky (1986) and Frank et al. (2002) for general introductions to accretion disks.
• Binary parameters: q = M 1 /M 2 is the mass ratio, q s = 4q/(1 + q) 2 is the normalized symmetric mass ratio, M = M 1 + M 2 is the total BH mass, µ = q s M/4 is the reduced mass, R S = 2GM/c 2 is the Schwarzschild radius corresponding to the total mass, R is the binary separation.
• Disk parameters:
H is the vertical scale height (the effective geometrical semi-thickness of the disk), ρ is the gas density, Σ = ρ/(2H) is the surface density, P gas is the gas pressure, P rad is the radiation pressure, P = P rad + P gas is the total pressure, and β ≡ P gas /(P rad + P gas ), T is the gas temperature, T c is the midplane temperature, T eff is the effective temperature defined such that the locally emitted flux through an infinitesimal disk face element is σ SB T 4 eff , Ω(r) is the Keplerian orbital angular velocity, R gap is the radius of gap opening in the punctured circumbinary disk, η is the dynamical viscosity, ν = η/ρ is the kinematic viscosity. α is the standard α-parameter of thin accretion disks, b is a constant either 0 or 1 that determines whether viscosity scales with the total or just the gas pressure, i.e. η = αPβ b Ω −1 , κ is the opacity of the disk, τ = (1/2)κΣ is the optical depth, f T is a constant defined such that
eff (for which we adopt f T = 3/4 for a one zone model where all the energy is dissipated near the midplane and the opacity is constant vertically, see Shapiro & Teukolsky 1986; Frank et al. 2002; Armitage 2007 , but Goodman 2003 es M is the Eddington luminosity for a BH mass M,Ṁ E = L E /(ǫc 2 ) is the Eddington accretion rate with radiation efficiency ǫ. Quantities with a 0 index (e.g. Ω 0 , Σ 0 , H 0 ) denote the steady state physical parameters corresponding to a single unperturbed accreting BH at a radius R gap that represents the inner boundary of the gap for a binary system of the same total mass.
• Physical constants:
G is the gravitational constant, c is the speed of light, k is the Boltzmann constant, σ SB is the Stephan-Boltzmann constant, σ T is the Thompson cross section, µ e = n e m H /ρ is the mean mass per electron in units of hydrogen atom mass, m H , which satisfies µ e = (1 + X H )/2 for a fully ionized gas of both hydrogen and helium, X H is the mass fraction of hydrogen, µ 0 = 2/(3X H + 1) is the mean molecular weight, κ es = µ e σ T /m H is the electron scattering opacity, κ ff = (8 × 10 22 cm 2 g −1 )µ e [ρ/(g cm −3 )](T /K) −7/2 is the Rosseland mean absorption opacity (Padmanabhan 2002; Rybicki & Lightman 1986; Shapiro & Teukolsky 1986 ).
With the above definitions, we proceed to define the dimensionless quantities (note that radii are measured from the center of mass of the binary) r = R/R S , r 3 = r/10 3 , M 7 = M/(10 7 M ⊙ ),ṁ =Ṁ/Ṁ E ,ṁ 0.1 =ṁ/0.1, α 0.3 = α/0.3, ǫ 0.1 = ǫ/0.1, λ = R gap /R, λ 2 = λ/2,κ es = κ/κ es ,κ ff = κ/κ ff . For fiducial numbers, we assume X H = 0.75, µ e = 0.875, µ 0 = 0.615, f T = 3/4, and denote values with a tilde for relative to these fiducial values, e.g.μ e = µ e /0.875. We defineμ e =μ 0 =f T = q = q s = M 7 =ṁ 0.1 = ǫ 0.1 = α 0.3 = 1 for our fiducial model. Since all of our expressions can be written as products of power-laws in the physical parameters, the resulting expressions become tractable in these units.
THIN DISK MODELS
We next collect the basic expressions from the literature for accretion disk models under different physical conditions. We quote the equations for a range of different steady thin disks, valid for a single accreting BH (Shakura & Sunyaev 1973) . We distinguish several cases: (i) whether the radiation or gas pressure provides the dominant vertical support, (ii) whether the opacity is dominated by electron scattering, κ es , or free-free absorption, κ ff , and (iii) whether the viscosity η is proportional to the total pressure or the gas pressure (also known as α and β disk models, respectively). Based on these choices, the accretion disk can be divided radially into three distinct regions:
1. Inner region: Radiation pressure and electron-scattering opacity dominate, P ≈ P rad ,κ es ≈ 1, valid inside r 3 ≪ r gas/rad 3 where r gas/rad 3 is defined in Eq. (C11) below.
2. Middle region: Gas pressure and electron-scattering opacity dominate, P ≈ P gas ,κ es ≈ 1, valid between r gas/rad 3 ≪ r 3 ∼ < r es/ff 3 .
where r es/ff 3 is defined in Eq. (C12) below.
3. Outer region: Gas pressure and free-free opacity dominate, P ≈ P gas ,κ ff ≈ 1, valid outside of r 3 ∼ > r es/ff 3 .
In region (1), it makes a difference whether the viscosity is proportional to the total pressure or just the gas pressure, labeled below by b = 0 or 1, (i.e. α or β disk) respectively. In all cases, we assume that the disk is optically thick, i.e. τ ≫ 1. We derive Σ(r) and H(r) following Goodman (2003) or Goodman & Tan (2004) ,
where b = 0 or 1, and the radial dependence is implicit in Ω and β. Here, β(r) ≡ P gas /(P rad + P gas ) which satisfies 
Σ(r) = (2.48 × 10 4 g cm −2 )µ
Middle region -
H ( 
The boundary between the adjacent regions can be found by requiring that the asymptotic results match smoothly for the two regions: 
Note that the equations for the middle and outer regions are equivalent, which can be shown by settingκ es ≡κ ff κ ff (r)/κ es . (Here κ ff (r) ∝ ρT 7/2 depends on radius implicitly through ρ(r) and T (r).) Since Σ, H, ρ, and T scale with a low power ofκ ff , the radial dependence ends up being similar in the middle and outer regions. The distinction between these equations is nevertheless useful since we can assume thatκ es ≈ 1 andκ ff ≈ 1 are constant in the middle and outer regions, respectively.
Comparison with Other Results
We have verified our solutions numerically by substituting them back into the fundamental equations of thin accretion disks (Shapiro & Teukolsky 1986; Frank et al. 2002) . Moreover, Eqs. (C4-C8) agree with those quoted in Goodman & Tan (2004). 5 Equations (C5-C6) are also consistent with Shapiro & Teukolsky (1986, page 441) , for the P = P rad , κ = κ es , b = 0 model. It is also reassuring that Eqs. (C9-C10) are also consistent with those in the book by Frank et al. (2002, Sec. 8.1, p. 244 , but note the typo in H ∝Ṁ 3/10 26 , which should instead read as H ∝Ṁ 3/20 26 , so that Σ = 2ρH is satisfied for allṀ 26 ). Also note that our numerical factors are very similar to those in Frank et al. (2002) , even though κ ff is defined to be 2 orders of magnitude larger there than the value we adopted here (to be consistent with most other textbooks), owing to the weak dependence onκ ff .
Finally, note that Eqs. (C4-C10) represent only a very non-exhaustive set of solutions even for radiatively efficient steady thin accretion disks. In particular, these solutions neglect the self-gravity of the disk which become important at large radii 
Moreover, at large radii the disk can also become optically thin (see Sirko & Goodman 2003 , where solutions are obtained by artificially fixing the Toomre instability parameter in the outermost region at Q ≡ 1). At these binary separations, the disks may not actually be geometrically thin (Dotti et al. 2008; Mayer, Kazantzidis, & Escala 2008) , and slim or thick solutions might instead be relevant. 
BINARY -DISK EVOLUTION
Here we collect the most important formulae describing the interactions between a binary and the accretion disk in order (i) to identify the mechanism that drives the orbital decay of the binary during the final stages of the merger, as a function of binary separation (the choices being GW driven inspiral and tidal torques) and (ii) to quantify the binary separation at which the inner edge of the punctured disk cannot follow the increasingly rapid orbital decay of the binary. We provide results for α and β-disks and give analytic results as a function of binary and disk parameters.
Timescales From Kepler's law, the orbital period of the binary is
The gravitational radiation driven decay timescale in the leading order (Newtonian) approximation is
In particular, the merger (defined as the binary separation decreasing to zero) due to gravitational waves occurs at t merger GW = t GW /4. Let us define the Eddington time, t E , as the characteristic time associated with Eddington accretion,
which is a universal constant (i.e. independent of the binary or the disk). If the binary is massive enough for the tidal torque to dominate over the viscous torque in the disk, it opens a gap in the disk at radius R gap = λR. This corresponds to a mass ratio q ∼ Rafikov 2002) which is expected to be satisfied for SMBH binaries that produce observable electromagnetic signatures. If the secondary's mass satisfies the above limit, but is still small compared to the local disk mass, then it acts as an angular momentum bridge for the disk, and its radial evolution is simply determined by the viscous diffusion time,
where we have usedṀ = 3πν 0 Σ 0 which follows directly from angular momentum conservation in steady disks (Shakura & Sunyaev 1973) . This is analogous to disk-dominated Type-II planetary migration. In practice, the assumption that the local disk mass exceeds the secondary's mass often fails. In this case, analogous to "planetdominated" Type-II migration, the angular momentum of the binary can still be absorbed by the gaseous disk outside the gap, and the viscosity of the gas can drive the binary toward merger, but the actual Type-II migration time, t II , is longer than for the simpler, "disk-dominated" case (t ν ). An estimate of the slowing factor is q −k B , where
is a measure of local disk dominance (Syer & Clarke 1995 , our q B is denoted by "B" in the original definition), which is less than unity in this case, and k is a constant defined as
Thus, the separation of the binary in this case is driven inward on the timescale
Here all quantities with a 0 index have to be evaluated at the position of the secondary R 0 = R/(1 + q), but for the time-scale t II for the "secondary-dominated" type-II migration of a more massive binary (q B ≤ 1, Eq. D7), evaluation is at the outer edge of the gap, R gap = λR (MacFadyen & Milosavljević 2008) .
In the following, we concentrate on pure viscosity-driven decay, and calculate the timescales t ν and t II However, for completeness, we consider two additional physical effects, which could modify these timescales in principle.
First, the density waves created in the gas at discrete resonances with the binary exert a large additional net torque on the binary and lead to Type-I migration, which is much more rapid than the decay t ν caused only by viscous torques. Tanaka, Takeuchi, & Ward (2002) calculated the corresponding timescale for a 3D, vertically isothermal disk, assuming that the gas disk remains unaffected by the mass of the secondary (i.e. q B ≫ 1),
where all quantities with a 0 index have to be evaluated at the location of the secondary. Here c s is the gas sound speed for which we assume c s = H 0 Ω 0 using the scale height, and γ = ∂ ln Σ/∂ ln r. It is straightforward to obtain explicit solutions for t I by substituting Eqs. (C6), (C8), and (C10) for H 0 in Eq. (D8). Since typically H 0 /R 0 ∼ 10 −3 , this could significantly shrink the decay time-scale relative to t ν , even for q B ≫ 1 and q s ≪ 1. However, Type-I migration is relevant only for binaries such that the gas disk remains largely unaffected by the secondary. As we have noted before, in most cases of interest, the secondary is expected to have such a strong tidal interaction that it opens a gap in the disk.
Second, Ivanov, Papaloizou, & Polnarev (1999, hereafter IPP) considered the tidal interaction of an unequal mass binary (q ≪ 1) with a time-dependent accretion disk. They assumed that the accretion disk is initially described by the steady-state solution for a single BH, and then considered the modifications due to the tidal torque, assumed to be concentrated in the narrow ring near the secondary orbit, which result in a pile-up of material near the outer edge of the cavity. They found 
where S = (Ṁ/µ)t ν = q B /2 (see Eq. D5), and a, b, and k are defined such that
, γ = 2c/[β 0 (5c + b)], and t ν is the unperturbed viscous timescale given by Eq. (D4) and calculated explicitly below.
6 If the opacity is dominated by electron scattering a = 2/3, b = 1, c = 7/3, β 0 = 1.126, γ = 0.327, while for the free-free process a = 3/7, b = 15/14, c = 25/14, β 0 = 0.726, γ = 0.492. From Eqs. (D9) and (D10) we find
Here, the radial-evolution given by Eq. (D11) is not a simple power-law. Thus, in order to compare to the simplified steady-state expression Eq. (D7), IPP define the evolutionary merger timescale as the time necessary to reach r b = 0, i.e.
where
In this case, since k IPP > k (roughly, k IPP ∼ 2k, see Eq. D6) the merger timescale of the binary driven by a time-dependent gaseous disk is even slower than the previously estimated "secondary-dominated" Type-II migration time-scale t II , i.e. t mg,IPP ∼ ∝ q
B t ν where q B ≪ 1. In the following we derive t ν , t II , and q B for the various accretion disk models.
Viscous Evolution Using the disk model for Σ 0 in Eq. (D4), we can calculate the rate at which the binary is driven inward by the gas, and how the inner edge of the disk follows due to its viscosity. First we shall consider the timescale t ν , and assume that the secondary perturbs the disk at a radius R 0 = λR. We obtain 
which can be expressed with the orbital time as t ν = (7.43 × 10 5 yr) ×κ 
The measure of disk dominance can be calculated by substituting into Eq. (D5), q B = 0.011μ 
In order to decide whether the evolution follows the "disk-dominated" migration (on the viscous timescale t ν ) or the secondarydominated Type-II migration (on the longer time-scale t II ), one should examine whether q B > 1 or q B ≤ 1 is satisfied, respectively. From Eqs. (D20-D22), we find that the transition occurs at 
Note that with the exception of very unequal masses q 0.01, the transition takes place well in the outer region of the disk, with r ν/II 3 ∼ > 10. At smaller radii, the binary is driven viscously on the timescale t II (rather than t ν ). Now the "secondary-dominated" Type-II migration timescales can be obtained by substituting Eqs. 
or in terms of t orb using Eq. (D1), 
What is the radius at which orbital decay to due gravitational radiation becomes more efficient than this regime of Type-II migration? Let us express r 3 that satisfies t GW = β GW/II t II for an arbitrary fixed β GW/II : 
The corresponding critical radius is around 500R S for the typical parameters. Note that for unequal binary masses q ∼ 1/10 corresponds to q s ∼ 1/3, but accounting for λ = R gap /R ∼ 2 results in numbers around 500R S for reasonable cases. The results are relatively insensitive to the values of M 7 andṁ. Note that the viscous timescale, t ν , describing gas accretion is faster than t II , which indicates that the viscous inward diffusion of gas can initially follow the binary, even in the GW-driven evolutionary phase. Let us find r ν/GW 3 where GW inspiral outpaces viscous gas accretion. This is useful to estimate the radius of the punctured disk, when it decouples from the binary in the GW driven domain. For t GW = β GW/ν t ν , we get 
Note that the appropriate value of β GW/II and β GW/ν are poorly known, but may be taken to be ∼ 1 when the binary is first driven by GW emission rather than by tidal interaction with the gas. Furthermore, this can be used to estimate the radius at which the outer edge of the gap (driven by viscosity on the time-scale t ν ) can no longer follow the binary in the GW driven domain. Milosavljevic & Phinney (2005) consider this decoupling occurring at β GW/ν ∼ 0.1, owing to the increased inflow rate through the gap due to a steep density gradient (Lynden-Bell & Pringle 1974) , while most other works ignore this steepening and simply adopt β = 1 (e.g. Armitage & Natarajan 2005; Loeb 2007 ).
Substituting β GW/ν = 1 yields the radius where the binary evolution changes from being viscosity-driven to GW-driven, and β GW/ν = 0.1 gives the separation at which the disk totally decouples from the binary and the radius of the gap "freezes". These expressions generalize the Milosavljevic & Phinney (2005) result, which corresponds to the b = 1 case. The binary separation at decoupling is of order r visc/GW 3 ∼ 0.1 for both the gas pressure dominated models and the radiation pressure dominated case with b = 1. In these cases, the transition between viscosity and GW-driven decay, and the disk decoupling take place in relatively quick succession, since r visc/GW 3 depends weakly on β GW/ν . The delay between the viscosity vs. GW-driven decay transition and the disk decoupling is much larger for the radiation pressure dominated regime when b = 0, since in this case the gas profile can follow the binary all the way to merger for largeṁ. In this case, the result is extremely sensitive to the accretion rate and the binary mass ratio. For all models, the decoupling occurs at the largest separations for nearly equal masses.
It is interesting that the binary separation decay rate varies during its evolution according to the variations in the local disk environment at the instantaneous binary separation. The evolution of the binary proceeds through three distinct stages. (i) First, the binary is strongly coupled to the circumbinary disk and is driven by viscosity (analogous to "disk-dominated" planetary migration), and the radius of the gap follows the binary. As the binary separation shrinks below R ν/II ∼ 10 5 R S (10 3 R S ) for mass ratios q ∼ 1 (q ∼ 0.01), the local disk density starts to dominate over the binary mass, and the binary evolves more slowly, according to "secondary-dominated" Type-II migration. During this stage, the GW emission is still negligible. (ii) Later, within the radius R II/GW ∼ 500R S the binary starts to be driven primarily by GWs but the radius of the gap can still follow the binary.
(iii) Finally, within R ν/GW S ∼ 100R S the binary is entirely driven by GWs and the binary falls in much more quickly than the outer edge of the gap is able to move inward. The ordering of these events is valid for a very broad range of binary and disk parameters. Note that the outcome of the gas inside the binary's orbit is left unspecified in our various considerations (see, e.g. Armitage & Natarajan 2002 , for a possible outcome).
During stage (i), the binary's orbit decays on the viscous timescale t visc . If the secondary BH mass is small (i.e. for extreme mass ratios), t visc ≈ t ν is proportional to r 7/5 -r 7/2 for radiation pressure (the range corresponding to the choice b = 0 vs. b = 1), or r 7/5 -r 5/4 for gas pressure dominated disks (the range corresponding to the choice of dominant opacity being electron scattering or freefree absorption, see Eqs. D14-D16). These decay rates translate into t ν ∝ t orb . In the intermediate phase (ii), the scaling relations are expected to smoothly transition between the above extremes. These estimates correspond to the stationary approximation analogous to "planet-dominated" Type-II migration (Syer & Clarke 1995) , whereas time-dependent estimates predict even longer timescales and shallower scalings with t orb (Ivanov, Papaloizou, & Polnarev 1999, and Eq. D12 above) .
